MACROKINETICS OF DIFFUSION MASS TRANSPORT WITH SOLID
PHASE REACTION IN BINARY METALLIC SYSTEMS

L. G. Voroshnin, B. M. Khusid, and B. B. Khina UDC 539.219.34+541.126-16

A macrokinetic description is presented for diffusion produced by a solid-
phase reaction in a binary system. The kinetics of processes on the inter-
phase boundary and diffusion with the phase volumes are considered. The
effect of kinetic factors on the growth of intermetallic compounds is stud-
ied numerically.

The growth of intermetallic compounds or silicides upon diffusion mass transport ac-
companied by solid phase reaction (so-called reaction diffusion) may be found in deposition
of protective coatings on metals and alloys, upon use of composition materials at high tem-
peratures, and in integrated circuit technology [l]. Reaction diffusion in solids involves
three stages: diffusion approach of atoms to the interphase boundary and their removal
therefrom, as well as transitions of atoms through the interphase boundary with a corre-
sponding phase transition — readjustment of one crystalline lattice to another [2]. In the
case where the limiting stage is the diffusion mass transport, the elemental concentrations
on the interphase boundary correspond to equilibrium values. Such a situation is found giv-
en a sufficient thickness of intermetallides. For such physical conditions diffusion in a
binary system will be described by a Stefan-type problem, from the solution of which there
follows a parabolic law of interphase boundary motion [3]. However, in some systems (Cu-Al
[4], Fe—Cr, Fe-Mn [5]) the elemental concentrations at the boundary deviate from equilibrium
values. The growth of a number of phases (MoSi,, WSi,, NbSi,, CrSi,, et al.) upon diffusion
saturation [5], annealing of thin-film and massive diffusion pairs [1, et al.] occurs linear-
ly with time. Those experimental data indicate that the kinetics of processes occurring on
the solid phase boundary play a significant role. The studies [6, 7] considered the case in
which growth of the intermetallide is limited by the atomic flux through the interphase bound-
ary, while in [8] the limiting process was the phase transformation rate.

Formulation of the Model. We will consider a case more general than that of [3, 6-8],
where the rates of the three processes are comparable. We will also consider the fact that
according to electron microscopy data [9] the interphase boundary has a steplike form with
amplitude from 30 nm (CoSi,—Si) to 100 nm (NiSi,~Si). We will use the following notation:
1) solid replacement solution based on element A; 2) the intermetallide (Fig. 1). In both
phases diffusion is accomplished by a vacancy mechanism. We make the following traditional
assumptions: 1) diffusion mass transport is describable in the one-dimensional approxima-
tion — the fluxes J, and J, are directed along the axis Ox; 2) volume diffusion dominates
over grain-boundary diffusion; 3) the number of crystalline lattice points per unit volume
for phases 1 and 2 is identical: n;° = n,°. The second of these assumptions is valid
for sufficiently high annealing temperature or saturation of massive specimens as well as
for a number of cases of thin film diffusion pairs [10]. The third assumption allows us
to neglect change in volume with growth in one phase at the expense of the other. Since
the thermal diffusivity coefficient of metals b ~ 10~! ecm?/sec, while inthe annealing or
saturation temperature range the diffusion coefficient D ~ 107% — 10-7 cm?/sec, with the
heating zone size A%y significantly exceeds the diffusion zone width A%4: ALp/Afg ~ VB/D ~
103, In light of this we will consider the process under isothermal conditions.

Transition of atoms through the interphase boundary occurs as a result of exchange of
places between atoms A and B, belonging to different phases, and jumping of atoms into a
vacant place in the adjacent crystalline lattice [11] (Fig. lc). This leads to a change
in the compositions of the regions near the boundaries. The necessity of distinguishing
between atomic transitions through the interphase boundary and a phase transition consisting
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Fig. 1. Schematic diagram of diffusion
with solid state reaction in binary sys-
tem: a) portion of A-B state diagram;

b) diffusion zone; c) atomic transitions
through interphase boundary (after [11]);
d) readjustment of one crystalline lat-
tice to another.

of transformation of one crystalline lattice into another was noted in [2, 11]. The size
of the readjustment region h ~ 10a, where @ is the interatomic distance (Fig. 1d).

To construct the model we will use an approach close to the description of growth of
a binary crystal from a melt [12]. We divide the boundary region of the diffusion zone into
layers of thickness h with planes perpendicular to the axis Ox (Fig. 1ld). Each layer is
characterized by volume fractions of the phases y.¥ and yzk (ylk + y,X = 1) and concentra-
tions of element A clk, czk, where k is the layer number. In the one-dimensional approxi-
mation clk and czk depend only on time. Change in phase composition in layer k is caused
by both volume diffusion and by atomic redistribution and crystalline lattice readjustment
in the contacting portions of phases 1 and 2 belonging to adjacent layers. Motion of the
interphase boundary is equivalent to change in the volume fractions of the phases as a re-
sult of crystalline lattice readjustment. Within the framework of the model considered the
equations for the time change in characteristics of layer k can be written in the following
form:
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where Jik, Jik+1 are the densities of the diffusion fluxes supplied to layers k and (k + 1)
in phase i; wj; is the frequency of transition of atoms A from phase i into phase j (i # j)
on the boundary, i, j =1, 2, ujj is the frequency (probability) of readjustment of the crys-
talline lattice of phase i into phase j, i # j. Equation (1) describes the change in volume
fraction of phase 1 as a result of crystalline lattice readjustment of the second phase into
‘the first (the first term on the right) and the the converse (second term). Equations (2),
(3) define the change in concentration of an element due to diffusion (first term on

.the right), crystalline lattice readjustment (second term), and trandition of atoms
through the interphase boundary (third term). We will now transform from discrete

to continuous variables in Eqs. (1)-(3). To do this we relate the values yji,

¢j, Ji in the layers (k — 1) and (k + 1) with the values in layer k, using expansions of the
form yi* = yjy, yik+1 = yik + hdy;/8x, etc. Dropping terms of second order smallness, we ob-
tain
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where sj;35 = hwi; is the rate of transition of atoms A from phase i into phase j, i # j, i,

j =1, 2, while Pij = huij is the rate of readjustment of the crystalline lattice of phase i
into phase j on the boundary. In Eq. (4) the change in volume fraction of phase 1 is pro-
portional not to the quantity y{ to some power, as is usually assumed in chemical kinetics of
heterophase reactions, but to the spatial gradient 8y,/8x. This is true because the phase
conversion is localized on the phase boundary. The second terms on the right sides of Egs.
(5) and (6) define the concentration changes due to two processes on the interphase boundary.
We note that the model of Eqs. (4)-(6) can also be obtained directly from consideration of
elementary processes without dividing the border region into discrete layers.

The probability of transition of atoms A from phase i into phase j (i # j, i, j = 1, 2)
depends on the energy barrier Ejj: wij ~ wiexp(~Eij/RT), where wiy is the frequency of oscil-
lation of atoms A in phase i on the interphase boundary. Then wi,/w,; ~ (w,/w,)exp[~E;, —
E,;)/RT]. The difference in the activation energies for forward (from phase 1 into phase 2)
and reverse transitions is the difference between the chemical potentials of element A E,, —
B,y = uA(l)[cl] - uA(z)[cz]. If the phase compositions correspond to equilibrium values at
a given temperature c; = ¢;,%, ¢, = ¢,;° (Fig. la), a macroscopic flow of atoms A through
the boundary is absent, Jg = c,s,; — €;8,,, Wwhence s;,/s,; = c,,°/c1,%. In our further treat-
ment we will consider the quantities s,,, s,; to be independent of concentration, which is
permissible for small deviations from equilibrium. The probability of crystalline lattice
readjustment of phase i into phase j (i # j, i, j = 1, 2) is related to the energy barrier
Uit ugy ~ uj exp (—U; /RT), where uj is the frequency of heterophase fluctuations in phase
i.” The ratio of the rates of forward (1 - 2) and reverse (2 > 1) phase conversions u;,/u,; ~
(u;/uy) exp [-(U;, — Uy1)/RT] is determined by the change in the Gibbs potential AG,,, = U, —
Uzi. Crystalline lattice readjustment occurs when the phase composition deviates beyond the
limits of the homogeneity region in the diagram of state (Fig. la). Therefore, the rates
Pi2s Doy which figures in the macrokinetic model of Egs. (4)-(6) can be related to the devi-
ation of the phase composition from equilibrium values by the simple expressions

0 0 0 m ’ 0
P */‘/112(‘31—012)"112 for ¢;>c12 Doy — My (€21 — Cp) ** for ¢y <Teay,
12 = 21 =
0 0
0 for ¢,<{cr1s; 0 for ¢, > 21,

(7)

where Mj; and m;j are constants, i, j =1, 2.

Limiting Cases. We will consider a planar interphase boundary, in which case y; is a
unit step function y, = 1[x — I'(t)], i.e., y; =0 for x < T, y, = 1 for x > I', where I'(t)
is the coordinate of the boundary. Its derivatives can be expressed in terms of a §-func-
tion 8y,/3x = §[1 — T(t)], d8y,/3t = —8[1 — r(t)] x dr/dt, where dr/dt is the rate of motion
of the boundary. The concentration of element A on the boundary changes discontinuously from
c,f to c;f'. In the volume of phases 1 and 2 3y,/8x = 0 and Egs. (5), (6) reduce to the usual
diffusion equation

dc,/dt = — (1n®) dJ,Jjox, i=1, 2.

(8)

Integrating Eqs. (5) and (6) fromx =T — 0 to x = I' + 0, we obtain
(1/nd) I, II‘-HJ = ¢} dl'/dt 4 (c§ pay — €T P1a) + (€5 Say — €] S12)s (9)
(1/nd) lep__g == ¢} dl'/dt 4 (¢} pay — €7 p1a) + (€5 $31 — €T 519)- (10)

These relationships are written in a coordinate system fixed to the moving phase boundary.
Subtracting Eq. (9) from Eq. (10), we arrive at the mass balance

(U9 Tofps_y — (nd) Tofpy o = (€5 — ¢ ) dT/dt. ‘ (11)

When diffusion mass transport is the limiting stage of the process, equilibrium concentra-
tions ¢;l = ¢;,%, ¢l = c,,° are established on the interphase boundary, since any deviations
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of clr, czF from ¢;,%, c,;° are eliminated due to the high rates of crystalline lattice
readjustment and atomic transition through the interphase boundary. In this case Egqs. (8),
(11) represent a Stefan-type problem which was analyzed in ]3].

If the limiting stage is phase transformation s,,, S,; > P15, Pp1 then because of the
high rate of atomic redlstrlbutlon the flux through the interphase boundary Jg = cyls,y —
¢;I'S,, # 0, whence c, /c1 = 8;,/8,; = €57%/c1,%. Upon growth of the 1ntermetallide due to
solid solution the latter near the boundary is supersaturated by element A: czr > cp1%,
clr > ¢;,% This corresponds to the experimental data of [4] in annealing of diffusion
pairs in the o—B system of Cu—Al. From Eqs. (9), (10), (7) there follow the conditions

(1nd) Jofpp o = ¢} dT/dE + c§ My, (c3, — ¢5 )™ — ¢ /\'/Il2 (c; — b)), (12)
(1/n3) Jolo—o = cb dT/dt + c5 My (cB1 — ¢5 )™ — ¢§ My (5 — cSo)™, (13)

written in a coordinate system fixed to the interphase boundary. Equations (12), (13) are
analogous to those obtained in [8] in a nonmoving coordinate system for growth limited by
phase transformation.

In the opposite case, where growth is limited by transition of atoms through the inter-
phase boundary p;,, Pa1 ™ Si,, Sy, deviation of the phase compositions beyond the limits
€12, c,,% of their stability ranges is eliminated by phase transformation. Then Jp =
CP21 — C1P12 ® 0. Under these conditions c;l < ¢;,%, c,f > ¢,;°, which corresponds to
growth of a y-phase or chromization of a-iron. Using the condition c,,%s,; — ¢1,%,, =0,
from Egs. (9), (10) we obtain the relationships

(l/f’l?) Jl![‘.].o = Cri dr/dt + (cr‘ - 001) So1 — (Cli - 0?2) S12» (14)
(lﬁ@)lﬂr_o::cngﬁﬁ—+(c§-cm)%1——w§——cggsm, (15)

written in a coordinate system fixed to the interphase boundary. Equations (14), (15} are
close to those of the model of [6], [7] for growth limited by atomic flow at the boundary.
If the composition of phase 1 is equal to the solubility limit c;(x) = c;,° and the inter-
metallide 2 corresponds to theformula AB, then for p;,, P,; > Si5s S,; each transition of

an atom A through the boundary leads to formation of a new elementary cell of phase 2. Such
a mechanism was considered in [6].

Diffusion in the Boundary Region. For oriented growth of phases in the diffusion zone,
which is found in a number of systems [1, et al.] an elastic coupling of crystalline lattices
exists on the interphase boundary. Nonisotropic elastic deformation changes the chemical
potential of A atoms, the gradient in which is the diffusion motive force. During diffusion
in replacement phases the Kirkendall effect occurs — motion of crystalline lattice planes
due to the presence of a vacancy flux. Coupling of the lattices affects the rate of Kirken-
dall motion in the boundary region. We will consider the changes in diffusion of A atoms
with consideration of these facts for a limiting case — a coherent interphase boundary,
as is found, for example, in growth of thin monocrystalline layers of CoSi, and NiSi, in
thin-film diffusion pairs CoSi—Si and NiSi—Si [13, et al.]. The velocities of Kirkendall
motion in each phase vy, i = 1, 2, are determined by the difference between the self-diffu-
sion coefficients of atoms A and B [3, 6]. Difference in the values of v,, v, in the bound-
ary region 8y (Fig. 1b) would cause termination of the coherent coupling. Therefore, in
the given situation motion of crystalline lattice planes near the interphase boundary occurs
at an identical velocity v; = v,. The chemical potential of type k particles (A or B atoms
or vacancies) in the nonisotropically-elastically deformed solid changes as compared to the
stressed state u° [14]:

Wy == Hg - (1/3) Opn®fr — Volmnﬁ,l:m_}_ﬁkv ' (16)

where o, are the diagonal components of the stress tensor opmp; w isthemeanatomicvolume;
Pr = (ON/ONy)o,,,.N,.1<: is the number of moles of alloy in the volume V; Np is the number of
moles of particles of type k; Bpn¥ = (3emn/3NK) omn,Nezk is the elastic compliance tensor; epp

is the deformation. tensor; Rp = (3R/dNk ) omn,N¢,, 42k is the partial molar work of elastic defor-

mation; R = [Voppdep, is the work involved in elastic deformation of a volume V of the alloy.
Symbols for summation over the tensor indices are omitted from Eq. (16). In diffusion by a
vacancy mechanism the number of particles per unit volume does not change; px = 0. Defining
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the quantities R, R, Bmnk with Hook's law gpnn = BmnOnnl9K —+ (Gmn“"?ﬁmn‘fnn) /QG [15], where K

is the volume compression coefficient, G is the shear modulus, and 6p, is a Kronecker symbol,
we obtain:

P«g + Vh [(I/QK) 02 /0 (1/46) (Gmngmn rzrz' ] +
+v [(1/9K2) (62,/2) (OK/ON3) + (/4G OmnOmn — 035/ HOCION )1

Here Vi = (3V/38Ng)gpn,Ng, 2k is the partial molar volume. The elasticity constants K, G in
each phase are practlcally independent of concentration. Then pg = pk° + ViE, where E =

U/QK’G%J? + (1/4G) | OpnOmn — —— 02 is the energy of elastic deformation of a unit volume.

For a single atom in phase i, pyg i) = uk(l)O + w{P)E;, 1 = 1, 2, where mk(l) is the volume
of type k particles, For intermetallides in solid replacement solutions wk( i) « 1/n4°.

Then V(i) = vy (1)° — £, /n;°, where f; = —VE; is the force acting on atoms in the boundary region
of phase i, i = 1, 2. We assume that the size of the segments of phases 1 and 2 in the di-
rection perpendicular to the axis Ox in the boundary region &r is comparable to the step
height h (Fig. 1d). 1In this case the forces f; change little in the direction perpendicular
to 0x, and fall off rapidly with removal from the boundary into the depths of the phases

[16]. For a vertical layer of the boundary region 8 we write the condition of force equilib-
rium n;°%y,;f; + n,°y,f, = 0. The density of the diffusion flux of atoms A in phase i is
given by

Ji=— Ly (0§ — uf?) — n]LEL v (g — wP) + nic.vs, (17)
where LAA(i), LAB(i) are kinetic coefficients and the subscript v denotes vacancies. Usual-

ly va(i) < VUA(i), VpB(i), LAB(i) < LAA(i) [3, 6, et al.]. Substituting the expressions
obtained for the chemical potentials in Eq. (17) and eliminating f;, we obtain

Jy = — n9Dy0c,f0x — n9D;0c,/dx, i7=j, i, =1, 2, (18)
D;; = [¢;D} + (1 —¢;) DX — c; (D — D) Fil g1 Dij=c; (D% — D) Fusgis
Fi=y; (1 —e) (DX — D&YW, Fij = y; (1 — c)(Di; — DENW, (19)

W=y, [ClDil {1 —¢) D’El] + 41 [Cng;Q + (1 —c) DZ.), i==j,

Here Dp;*, Dpi* are self-diffusion coefficients for elements A and B in phase i, i = 1, 23
gi =1+ 031lny{/81lncy is a thermodynamic factor; yj, activity coefficients in phase i. The
mutual diffusion coefficients D;; and D,, characterize the effect of the gradient in concen-
tration of element A in phases 1 and 2 on the diffusion flux in the same phase. The non-
diagonal coefficients Dj; relate the concentration gradient in phase j with the flux in the
phase i, i # j, i, j = 1, 2. These are caused by the identical rate of Kirkendall motion
in both phases due to the coherent coupling of the crystalline lattices on the interphase
boundary. It is evident from Eq. (19) that D,,, D,; are nonzero only near the boundary.
Within the volume of phases 1 and 2 the expressions for D;, and D,, reduce to Darken's:

Dij = ciDpi* + (1 = cj)Dpi*.

In the case of an incohrent interphase boundary, which is found for significant differ-
ences in crystalline lattice parameters or high phase thickness [1, et al.] elastic stresses
are absent. In the boundary region &p Kirkendall motion within each phase is defined only
by the difference between the self-diffusion coefficients of atoms A and B and occurs at
velocities v, and v,, respectively. A similar case was considered in [17] for mutual diffu-
sion in a multiphase alloy. Then in Eq. (19) D;, = D,; = 0 and diffusion fluxes are de-
scribed by the conventional equation Jj = -n;°D;;3ci/8x + n;%cyvj, and the mutual diffusion
coefficients D,;, D,, are given by Darken's expression.

Numerical Study. The problem of Eqs. (4)-(6) was solved on a computer using finite
difference methods. To anneal diffusion pairs, at the boundaries of the computation region
with dimensions L a condition of the second sort was posed, J, zlx—o =1, = 0 (absence of
mass exchange with the external medium), while a condition of the third sort was used for
saturation lex= = H(c,S — Czlx—o)’ where H is the mass transport coefficient, ¢,S is the
concentration of element A which would be established on the surface in equilibrium with
the external medium. Calculations were performed using the dimensionless quantities z =
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Fig. 2. Results of numerical modeling of growth of
solid solution 1 due to intermetallide 2 for Dy/L:py:
s¢ = 0.1:6:1 (a, b) and Dy/L:pyisy, = 0.2:1:6 (c, d);
a, c) change in volume fraction of phase 2; b, d)
change in content of element A. For a, b: 1) 0; 2)
0.1; 3) 0.4; 4) 1.0; 5) 2.0; for ¢, d: 2, 3) various
Dp1* =1, ﬁBli = 0.5; ﬁAz* =2, Dg,* = 1; 4, 6) iden-
tical Dp,* = Dp;* = 1, Dp,* = Dp,* = 2; dimensionless
self-diffusion coefficients for atoms A and B: 1) 0;
2) 0.1; 3, 4) 0.6; 5, 6) 0.8; 7) 2.0.

x/L, © = t/Ty, Sij = sij/se» Pij = Pij/Po» Dij = Dij/Do, i = j, where Ty is the scale of the
annealing time (Ty ~ 1 ﬂ); Sy, Pos Dy are characteristic values of the corresponding parame-
ters. For diffusion pair annealing the interphase boundary at v = 0 is located in the middle
of the specimen. Equilibrium c;,° = 0.5, c,;% = 0.85 and initial c,(z, t = 0) = 0.1, c,(z,

T = 0) = 0.9 concentrations (atomic fractions) were used. Calculation results are shown in
Figs. 2, 3, where Cjy = y;c; + y,c,; is the net content of element A in a section perpendicular
to the axis Ox. Growth in phase 1 begins when the concentration of element A in phase 2 near
the boundary becomes less than the equilibrium value c,;? (Fig. 2a, b). For similar rates

of diffusion, atomic transition, and crystalline lattice readjustment Dy/Lipy:s, = 1:1:1
there is initially an "incubation period," where the interphase boundary does not move. The
limiting stage is then atomic redistribution on the interphase boundary. Further phase 1
increases at a constant rate which is limited by readjustment of the crystalline lattice of
phase 2 into phase 1 (Fig. 3). For lengthy annealing c2r +> ¢,:", the limiting stages becomes
diffusion and the linear increase law approaches parabolic (Fig. 3, curve 1). If diffusion
is accomplished more slowly than processes on the interphase boundary then the "incubation
period" disappears and the growth in phase 2 is limited by phase transformation (the linear

"~ portion of curves 2-5, Fig. 3) and then by diffusion (parabolic growth law). The deviation
of the boundary concentrations c,l, czr from their equilibrium values c;,°, c,;° depends on
the ratio between the quantities p, and s,. For p, > s; it decreases. Calculations with
identical Dp,* = Dg,* = 1, Dp,* = Dp,x = 2 and different Dp;* = 1, Dp,* = 0.5, Dp,* = 2,

Dp.* = 1 self-diffusion coefficients for atoms A and B with the ratio Dy/L:pgis, = 0.2:1:6
show that in the latter case the growth of phase 1 is somewhat retarded due to reduction in

Fig. 3. Kinetics of interphase bound-
ary motion for growth in phase 1 (1-5)
and phase 2 (6) in diffusion pair anneal-
ing: 1) Dy/L:pg:s, = 1:1:1; 2) Dy/L:
Po:Se = 1:3:63 3) Dy/L:ipytsy, = 0.1:1:6;
4) Dy/Lipgoisy = 0.2:3:65 5) Dy/L:ipeisy =
0.1:6:1; 6) Dy/L:pgisy = 0.2:1:6.

1296



the mutual diffusion coefficients (Fig. 2c, d). However, the character of the displacement
of the interphase boundary with time remains practically unchanged.

NOTATION

Ji, diffusion flow of atoms Aj ni°, number of lattice points per unit volume; o, inter-
atomic distance; yji, volume fraction of phase; cj, concentration of element 4; t, T, dimen-
sional and dimensionless time; x, z, dimensional and dimensionless coordinate; Ty, character-
istic time interval; L, characteristic diffusion zone length; &r, size of boundary region;
piss rate of phase i crystalline lattice readjustment into phase j; sjj, rate of transition
of A atoms from phase i into phase j; T, coordinate of planar phase boundary; v;, Kirkendall
velocity; uy, chemical potential of particle k; G, shear modulus; ep,, Opn, stress and defor-
mation tensors; E, elastic deformation energy per unit volume; Dpi*, Dpi¥*, self-diffusion
coefficients for atoms A and B in phase i; yj, thermodynamic activity coefficient. Sub-
scripts, phase numbers.
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